Monochromatic plane-wave illumination of a randomly stratified, laterally homogeneous sediment layer is considered. The deposition process creating the stochastic layering is assumed to be a continuous parameter, finite state Markov chain. A Riccati equation for the plane-wave reflection coefficient is formulated and first-order partial differential equations for relevant probability density functions are subsequently obtained. These equations are solved numerically for a two-material turbiditc model similar to the one considered by Gilbert [J. Acoust. Soc. Am. 68, 1454-1458 (1980)]. Statistical moments of the reflection coefficient are computed at 25 and 250 Hz as a function of overall sediment thickness. These equations are also used to derive the nonrandom or "smooth" geoacoustic model that is appropriate in the low-frequency limit.
INTRODUCTION
We consider a transversely homogeneous, randomly stratified ocean sediment model. The sediment layer is assumed to rest upon a homogeneous, semi-infinite rock basement and to lie beneath an isovelocity water column. A st0-chastic model is adopted because the layering fine structure within the sediment cannot be accurately accounted for; we thus opt for a cruder but more tractable point of view in which the composition and resulting acoustic behavior of the medium is described probabilistically. The particular deposition process that created the sediment layer is assumed to be a continuous parameter, finite state Markov chain. This model, which is qualitatively similar to the one adopted by Gilbert • in his simulations, leads to a straightforward analytic description; the model is constructed in the following way. We assume that N different materials (various types of clay, sand, silt, etc.), each having its own characteristic density and sound speed, enter into the formation of the overall sediment layer. Initially, at the rock-sediment interface, each of the N materials (states) can be present with a certain prescribed probability (perhaps equally likely). Then, as the sediment thickness increases, the composition of the sediment switches randomly among the N constituent materials according to the dictates of a prescribed transition mechanism. This transition law (which would be empirically determined, typically by core sampling) can be made nonstationary (i.e., variable) to account for variations in layering statistics with depth. A slowly varying gradient is added to the model to account for compactification-induced refractive effects. The sediment model considered, therefore, is a random multilayer (slowly nonstationary N-state Markov chain) superimposed upon a slowly varying refracting gradient. The Markovian hypothesis, 2 in which the future evolution of the deposition process is assumed conditionally independent of its past history, is a reasonable idealization. This sediment model is more fully discussed in Sec. !I.
We assume that a monochromatic plane wave is incident upon the sediment from the water column. The quantities of interest are the statistics of the plane-wave reflection coefficient [defined in Eqs. (4)]; from this information, the statistics of the reflected signal in the water column (e.g., the two-point mutual coherence function for the complex pressure) can be readily inferred. The Markov chain assumption permits us to formulate exact equations for the relev.ant probability density functions; the solution of these equations provides all the desired statistical information.
In Sec. I we formulate the original stochastic two-point boundary value problem of interest and recast it as an initial value problem (Riccati equation and initial condition) for the reflection coefficient. In Sec. II, following the exposition of Morrison, 3 we obtain first-order partial differential equations for probability density functions characterizing the reflection coefficient statistics. A turbiditc model is analyzed in Sec. III by numerically solving these equations. Section IV presents our conclusions.
I. PROBLEM FORMULATION
The problem that we consider is sketched in Fig. 1 . A sediment layer, lying upon a homogeneous, semi-infinite rock basement, is illuminated by a monochromatic plane wave from an isovelocity water column. The basic equations for the pressure and particle velocity are 4 Our immediate goal is to recast this linear stochastic boundary value problem into a nonlinear stochastic initial value problem for the reflection coefficient (with sediment thickness I serving as independent variable). This step is crucial to the probabilistic analysis because stochastic initial value problems possess a causal, evolutionary structure not shared by boundary value problems. This step will be accomplished in two stages. We first introduce new dependent var- [ Consider, for example, a hypothetical case in which material 1 is a clay while material 3 is a silty sand. Then, given that clay is present at height • above the basement, the probability [apart from o(6• ) terms] that clay will remain present over the {•,g + 6g) interval is 1 + q•{•)gg = 1 -Iq(g)lgg while the probability that the sediment will switch to silty sand in the interval is q•3{• }dg.} The remaining information that must be prescribed in order to completely specify the stochastic description of the sediment deposition process is the set of initial probabilities, the probabilities of finding each of the sediment materials at the rock basement interface. We define 7T n•P {r(0) = n I, n = 1,2,...,N, 7')' n >0, E 7'/'n = 1. 
where p = (Pl P2} r is the two-dimensional vector of probabilities, •q' is a {diagonal} matrix differential operator, and Qr is the matrix transpose of {23}. Neglect for the moment the length scales associated with dissipation and refraction; then, {23} and {25} concisely exhibit the remaining two important scales of the problem. The first-order diagonal differential operator k• acts to convect the probability masses P l and P2 around the unit disk along two independent families of characteristics {determined by the two types of material}. This operator acts on a scale proportional to wavelength A {i.e., with a "strength" proportional to A -1}. The matrix operator Qr acts to couple the components of p, i.e., to exchange probability mass between the components; this operator acts on a scale proportional to average layer thickness [the eigenvalues of Q are0 and --( (L1) -1 q-(L2)-1}] . As • increases, therefore, theinitial delta function probability masses move at different speeds around the unit disk while simultaneously "smearing out" and deforming due to the layering. The relative importance of each of these effects depends on the ratio of wavelength to average layering thickness.
Before considering a numerical solution of these equations, we consider the structure of {25) in the context of a low-frequency geoacoustic limit. It is clear that as wavelength increases, the fine layering structure becomes increasingly "averaged"; the acoustic response of the random sediment multilayer should tend toward that of a "smooth," nonrandom medium. 1 To determine this limiting low-frequency characterization, we study {25) in the regime wherein wavelength greatly exceeds average layer thickness. Wavenumber k is then a small parameter and {25) becomes amenable to a two-scale asymptotic analysis. In the Appendix we show that the limiting low-frequency behavior of the solution to {25)is {with dissipation suitably introduced and averaged). In summary, then, we conclude that the low-frequency limiting behavior of this random sedimentary medium can be described by Eqs. (7), if we replace the random matrix coefficients by their average values, the averages being taken with respect to the limiting probability distribution of the layering statistics. It is important to observe that since density and sound speed enter into these coefficients nonlinearly, these averages are not tantamount to simply replacing density and sound speed by their respective mean values. Observations of the same general type, concerning the lowfrequency geoacoustic limit for a periodically layered acoustic half-space, have been made by Schoenberg and Sen ø and 
B. Numerical study
The parameter values of Table I (taken from Table I while the points marked (b) represent the mean reflection coefficient of the basement covered by the random 50-m sediment layer. As thickness increases, the locus of the mean reflection coefficient spirals in a counterclockwise manner slowly toward the origin. As one would expect, the rate of the spiraling or "phasewrapping" decreases as incidence angle increases (i.e., as grazing angle decreases}.
Figure 3(a)-(c) displays the corresponding behavior of the mean reflection coefficient at 250 Hz. The same general behavior as a function of incidence angle exists although the amount of "phasewrapping" is obviously much greater at this higher frequency. The relative amount of migration toward the origin, i.e., the relative attenuation of l(R )l by the sediment layer (at a given incidence angle) is also greater at 250 than at 25 Hz. The effects of increased dissipation at the higher frequency thus outweigh any tendency of the layering fine structure to increase reflectivity; note that at 250 Hz the average layer thicknesses remain considerably less than a wavelength.
While Fig. 2 basically displays the behavior of the "center of probability mass" at 25 Hz, Fig. 4(a) -(d} provides higher moment information at this frequency and thus provides some insight into how this probability mass itself is configured. In these figures, sediment thickness serves as abscissa and the results for all three incidence angles are presented simultaneously. Figure 4 the behavior of E {Ire 'ø -E {re'ø }12} ; this figure provides added insight into the spreading of the probability mass about its centroid. Viewed collectively, the plots indicate that: (i) at a given sediment thickness, increasing the angle of incidence not only increases the magnitude of the reflection coefficient but also decreases the "spread" in its values; i.e., as incidence angle increases, the center of probability mass migrates toward the perimeter of the unit disk while its moment of inertia simultaneously decreases. Therefore, as incidence angle increases the penetration of acoustic energy into the sediment and the subsequent "randomization" of the returned energy decreases. (ii) At the smaller incidence angles, the moments and their centered moment counterparts undergo a more pronounced, roughly periodic modulation as sediment thickness increases. Since Fig. 2 indicates that the center of probability mass itself spirals smoothly about the origin, this modulation [e.g., of the centered polar moment in Fig. 4(c) ] provides a measure of the eccentricity of the probability mass. Thus, the solution, which involves the simultaneous interplay of advection along characteristics and exchange of probability mass due to the random layering, can be wellapproximated by intertwining the constituent operations. In practice, the limit is replaced by a value of n that is large but finite. This intertwining of an incremental redistribution of probability mass due to random layering followed by an in- eremental translation along the characteristics (iterated n times} is an approximation that makes sense physically. It is also attractive numerically since the action of each of the semigroups e (//n)Q T and e -(k//n)_• is easily determined.
IV. CONCLUSIONS
A Markov model for the sediment deposition process has been formulated and evolution equations for the probabilistic structure of the interface reflection coefficient have been derived. Within the confines of the model the results are exact. In principle, the extension to multifrequency statistics, i.e., frequency correlations and pulse statistics, is straightforward; in practice, however, the computational demands posed by these problems are formidable.
The analytic structure of the model was used to deduce the appropriate low-frequency limiting smooth geoacoustic model. The interface reflection coefficient statistics of a thin turbidire sediment layer were evaluated numerically at 25 and 250 Hz. In its present state, this one-dimensional Markov model is a highly oversimplified representation of actual ocean sediments, a model that is perhaps best suited for studying the onset of stochastic effects at low frequencies. One potential area for generalization {and added realism}, however, is the inclusion of slowly varying lateral variations as a perturbation for which the current laterally homogeneous model would serve as the zeroth-order approximant. tion expansion. We shall now implement these ideas.
For our problem, wavenumber is an obvious small pa- The asymptotic dynamics of {27) follow by requiring that secular term {A7) vanish. Note that a = • = k• and that the scalar functionpo in {27) is simply the sum of the two components of Po in {A7).
